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Simulating and Modeling Particulate Removal Processes by
Elliptical Fibers

Haoming Wang, Haibo Zhao, Kun Wang, and Chuguang Zheng
State Key Laboratory of Coal Combustion, Huazhong University of Science and Technology, Wuhan,
Hubei, People’s Republic of China

A lattice Boltzmann-cellular automata (LB-CA) probabilistic
model for two-phase flows was used to simulate the particle capture
process of elliptical fiber. The pressure drop and capture efficiency
due to various capture mechanisms (Brownian diffusion, intercep-
tion, and inertial impaction) were investigated. It is found that
the diffusional capture efficiency of the elliptical fiber is greater
than that of the circular fiber because of its larger capture area,
which is proportional to the aspect ratio. When the interception
or inertial impaction is dominated, aspect ratio, orientation angle,
and the ratio of particle diameter to the fiber diameter affect the
capture efficiency of the elliptical fiber, which is usually higher
than that of the circular fiber except that the major axis is par-
allel to the incoming flow. The correction factors for the pressure
drop and capture efficiency of elliptical fiber from those of circular
fiber were attained through the Levenberg–Marquardt algorithm,
which is used to fit some well-organized LB-CA simulations. These
empirical correction factors can combine the classical models for
circular fiber to calculate the pressure drop and capture efficiency
for elliptical fiber in a simple way. Finally, the quality factors of el-
liptical fibers as a function of the aspect ratio and orientation angle
were investigated, which is conducive to optimization configuration
of elliptical fiber in different operation conditions.

INTRODUCTION
Fibrous filter is at advantage of high removal efficiency for

submicron particles, and it has been widely used in the fields
of energy, environment, and chemical engineering (e.g., pul-
verized coal-fired power plant, mining engineering, and cement
industry). Due to complicated particle–flow–fiber interactions
and various particle capture mechanisms (Brownian diffusion,
interception, inertial impaction, gravitational settling, and elec-
trostatic attraction), a large amount of theoretical analysis,
experimental measurements, and numerical simulations have
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been carried out for the quantitative picture of the filtration
process.

At the early stage, almost all of researches focused on the
fiber with a circular cross-section (circular fiber). By the use of
the cell model, Kuwabara (1959) and Happel (1959) indepen-
dently derived an analytical solution of the flow field (viscous
Stokes flow around a circle) and attained the theoretical formula
of drag force on single cylindrical fibers oriented perpendicular
to the air flow. Starting from a good description of these idealized
flow fields, many researchers (Stechkina and Fuchs 1966; Kirsch
and Fuchs 1967, 1968; Stechkina et al. 1969; Lee and Liu 1982;
Liu and Wang 1997) proposed analytical expressions for the
pressure drop and diffusion/interception/impaction-dominated
capture efficiency. Along with the development of new instru-
ments for direct measurement of fibrous filter efficiencies, sys-
tematic experimental data are available (Lee and Liu 1981;
Kasper et al. 2010). These experimental measurements are
useful to understand the complex processes better, to attain
empirical/semi-empirical formulas, and to validate/correct these
analytical expressions. The development of computational fluid
dynamics (CFD) also provides a promising way to simulate
gas–solid two-phase flows in complex geometries. Numerical
simulations have been developed for the filtration processes of
particles with various diameter distribution by nanofibers or mi-
crofibers with different arrangement modes (Maze et al. 2007;
Tahir and Tafreshi 2009; Hosseini and Tafreshi 2010a,b; Dun-
nett and Clement 2012).

Generally speaking, the filtration processes of filters com-
posed of cylindrical fiber have been comprehensively studied,
and some formulas for capture efficiency and pressure drop
have been validated and been applied in engineering for the fil-
tration prediction. However, only a few investigations have been
dedicated to explore the filtration performance of filters made
of noncircular fibers. Actually, synthetic fibers can be made
with a variety of shape such as square, rectangular, elliptical,
trilobal even “+”, “T,” and “O” hollow-shaped cross-section
(Ushe 1993; William and Bobby 1995; Homonoff and Dugan
2001; Sanchez et al. 2007; Hosseini and Tafreshi 2011).

Several groups have studied the flow fields and pressure drop
for the fibers with square and rectangular cross section using the
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208 H. WANG ET AL.

theoretical analysis and numerical simulation methods. Here,
we quote the studies of Brown (1984), Fardi and Liu (1992a),
Wang (1996), Ouyang and Liu (1998), and Dhaniyala (1999)
for flow field and pressure drop, and Fardi and Liu (1992b) for
capture efficiencies due to Brownian diffusion and interception,
Zhu et al. (2000) for capture efficiency due to inertial impaction,
and Adamiak (1999), Cao et al. (2004) and Cheung et al. (2005)
for the filtration performance in an electric field. Hosseini and
Tafreshi (2011) investigated the effects of fibers’ cross-sectional
shape on the performance of a nanofiber filter (in the slip flow
regime) and a microfiber filter (in the no-slip flow regime).

Compared with rectangular and square fibers, elliptical fibers
have rarely been studied in terms of flow fields, capture effi-
ciency, and pressure drop. In fact, fibers with elliptical cross-
section can offer bigger surface area per unit volume than usually
used cylindrical fibers, and thus have performance advantages
in the capture efficiency of submicron particles over circular
fibers (Masliyah 1975). Furthermore, the elliptical fibers with a
more streamlined shape exhibit less drag force than other fibers
with square, circular, and trilobal cross sections (Hosseini and
Tafreshi 2011).

In order to research the capture efficiency and pressure drop
of elliptical fibers, the flow fields around elliptical fibers should
be first obtained. Kuwabara (1959) first calculated the veloc-
ity field for a lattice of elliptical cylinders in a uniform flow
at small Reynolds number using Oseen’s approximation and
then predicted the drag force and pressure drop. Brown (1984)
calculated the velocity field and pressure drop for arrays of el-
liptical fibers with major axes either perpendicular or parallel to
the incoming flow using numerical simulation methods. Raynor
(2002) proposed analytical expressions for flow field around el-
liptical fibers and the aerodynamic drag and lift on the fibers
using the cell model. However, the drag force by Raynor (2002)
is quite different from that of Kuwabara (1959), Brown (1984),
and Kirsh (2011), especially for the ratio of drag forces at the
normal and parallel locations of the major axes relative to the
flow. Some semi-empirical expressions for diffusional and in-
terceptive efficiencies of single elliptical fiber were developed
by Raynor and his colleagues (Raynor 2008; Regan and Raynor
2009). More recently, Wang et al. (2012b) calculated the ve-
locity field of potential flow around an elliptical fiber based on
Zhukovsky conversion, and then investigated the interception
efficiency. They found that the elliptical fiber can improve ob-
viously the interception efficiency of larger particles. Besides
the analytical procedure, the CFD simulation was adopted to
investigated filtration by elliptical fibers. Wang and Pui (2009)
calculated the drag force and single-fiber efficiencies due to
interception, inertial impaction, and Brownian diffusion in the
case of two-dimensional staggered array configuration.

To sum up, the above-cited researches on elliptical filter fibers
exhibit the following limitations. First, the presented analyti-
cal/ semi-empirical/empirical expressions for the capture effi-
ciency and drag force (pressure drop) of elliptical fibers are very

complicated and difficult to apply in engineering. Second, no
quantitative expression for the impaction capture efficiency is
available. Third, the relationship between the filtration perfor-
mance of elliptical fiber and that of circular fiber is not clear.
Fourth, there is no report on how the elliptical fiber collects
particles due to diffusion, interception, and inertial impaction,
since these existing researches only calculated the particle con-
centration fields or analyzed the flow field streamline to predict
particle removal/deposition. Fifth, although the qualitative pic-
ture of the influence of fiber geometric properties and filtration
condition on the filtration performance is physically reasonable,
the quantitative situation is still not satisfactory.

We established a quantitative cellular-automata probabilistic
model to describe the movement of particles on regular grid
under external forces, and successfully simulated the steady-
state and non-steady-state filtration processes by single circular
fiber (Wang et al. 2012a). By comparing the simulation re-
sults of the lattice Boltzmann-cellular automatic probabilistic
(LB-CA) model with previous theoretical predictions and ex-
perimental observations for the traditional filtration process, the
LB-CA model is well validated. Good performance of the LB-
CA model provides an opportunity to investigate the filtration
process of noncircular fibers, like fibers with elliptical cross-
section in this article. The LB-CA method is very suitable for
simulating gas–solid two-phase flows around such irregular ge-
ometrical boundary (ellipse in this article). This article focuses
on the simulation and modeling of the steady-state filtration
processes of a single elliptical fiber, which is believed to the
basis of the non-steady-state filtration processes of real filters
composed of randomly distributed fibers. Our simulation covers
three most important collection mechanisms: Brownian diffu-
sion, interception, and inertial impaction. The pressure drop
(in terms of dimensionless drag force acting on the fibers) and
single-fiber efficiencies due to the three mechanisms are calcu-
lated and compared to these existing analytical/empirical/semi-
empirical expressions and numerical results. We develop empir-
ical expressions for the pressure drop and capture efficiencies
of elliptical fibers based on these theoretical expressions for cir-
cular fibers. These empirical expressions are relatively simple
and can be easily applied to predict the filtration performance.
Thanks to the Lagrangian tracking nature of the LB-CA method,
detailed information of the filtration processes is also obtained.

LB–CA METHOD FOR PARTICLE-LADEN FLOWS

Lattice Boltzmann (LB) Method for Flow Field
In the LB method, it is assumed that fluid consists of micro-

scopic fictitious fluid particles. The state of each grid is presented
by the distribution function fi(x,t) which indicates the probabil-
ity density of the fictitious fluid particles that locate on lattice
x with the velocity ci at time t. The fictitious fluid particles on
regular lattices have to experience two sequential substeps as
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PARTICULATE REMOVAL PROCESSES BY ELLIPTICAL FIBERS 209

follows:

Collision: fi(x, t)′ = fi(x, t) + �i, [1]

Streaming: fi(x + ci · �t, t + �t) = fi(x, t)′, [2]

where �i is the collision operator. By combining two equa-
tions and introducing Bhatnagar–Gross–Krook (BG.K single-
relaxation) collision operator (Bhatnagar et al. 1954), the evolu-
tion equation of the fluid system is obtained (Qian et al. 1992):

fi(x+ci ·�t, t+�t)−fi(x, t) = [f eq
i (x, t) − fi(x, t)]/τ , [3]

where �t is time step, τ is the dimensionless relaxation time,
and f

eq
i is the equilibrium distribution function. For simplicity

and without loss of generality, we choose the two-dimensional
square lattice with nine velocities ci (D2Q9 model, see Figure 1,
i runs from 0 to 8):

ci =⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(0, 0) i= 0

c

(
cos

[
(i − 1)

π

2

]
, sin

[
(i − 1)

π

2

])
i= 1, 2, 3, 4

√
2c

(
cos

[
(i − 1)

π

2

]
, sin

[
(i − 1)

π

2

])
i= 5, 6, 7, 8

. [4]

Then, the equilibrium distribution function can be calculated
in the D2Q9 model as follows:

f
eq
i = ραi

[
1 + ci · u

c2
s

+ 1

2

(
ci · u
c2

s

)2

− u2

2c2
s

]
, [5]

where u is the macroscopic velocity of local fluid, ρ is the fluid
density, αi is the weight coefficient related to the model with
α0 = 4/9, αi = 1/9 (i = 1, 3, 5, 7) and αi = 1/36 (i = 2, 4, 6,

FIG. 1. Discrete velocities in D2Q9 model.

8) in the D2Q9 model, cs is the local sound speed, cs = √
3c/3,

and c = �x/�t.
The macroscopic quantities of flow fields can be derived

from statistics of the distribution function, and the macroscopic
density ρ and momentum ρu are calculated as follows:

ρ =
Q−1∑
i=0

fi, ρu =
Q−1∑
i=0

fici . [6]

The equations for calculating the fluid viscosity and pressure
are given by

⎧⎨
⎩ ν = c2

s

2
(2τ − 1) · �t

P = ρc2
s

. [7]

Cellular-Automata (CA) Probabilistic Model for Particle
Motion

We established a quantitative LB-CA model (Wang et al.
2012a), in which the particles move on the same lattice as flow
field with a probability (pi) defined as the ratio of projected
length of actual displacement in four directions (e1,e3,e5,e7)
to grid length. Certainly, it must make sure that pi is always
nonnegative:

pi = max

(
0,

�xp · ei

�x

)
, (i = 1, 3, 5, 7), [8]

where �x is the grid length, and �xp is the actual displacement
of the particle within time step �t. Finally, the particle position
after one time step is calculated as

xn+1
p = xn

p + μ1e1 + μ3e3 + μ5e5 + μ7e7, [9]

where μi is a Boolean variable equal to 1 with the probability
pi.

It is noticed that the key of the CA probabilistic model is
to obtain �xp in Equation (8). In general, the particle motion
is described by the Newtonian equation under consideration of
external forces. During the filtration process of fibers, besides
the drag force of particles caused by the flow fields, the random
Brownian diffusion also exists. Therefore, the random Brownian
force (Maze et al. 2007; Hosseini and Tafreshi 2010a) is used
here to describe the random Brown diffusion motion of the
particles, and the governing equation of particles are (only drag
force and Brownian force are considered) written as

dup

dt
= u − up

τp
+ ς

√
216μkBT

πρ2
pd

5
p�t

[10]

dxp

dt
= up, [11]
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210 H. WANG ET AL.

where up is the particle velocity, τ p is the particle relaxation
timescale with τ p = ρpdp

2/(18μ), μ is the gas kinetic viscosity,
ς is the Gaussian random number with zero mean and a standard
deviation of one, dp is the particle diameter, kB is the Boltzmann
constant, and T is the temperature. The second term on the right-
hand side of Equation (10) is the Brownian force.

Through twice integration of Equation (10) over time t, the
particle velocity and displacement can be obtained respectively
as follows:

un+1
p = un

p · exp

(
− �t

τp

)
+ (uf + FB · τp) ·

(
1 − exp

(
− �t

τp

))
[12]

xn+1
p = xn

p + (
un

p − uf
)(

1 − exp

(
− �t

τp

))
· τp + uf · �t

+
(

�t +
(

1 − exp

(
− �t

τp

))
· τp

)
· FB · τp, [13]

where superscript n represents the present moment and n+1 rep-
resents the next moment. Thus, the actual displacement �xp(=
xn+1

p − xn
p) of the particle within time step �t is obtained, and

the particle position can be determined by Equations (8) and 9.
For more model details (including boundary conditions),

readers could refer to our recent publications (Wang et al. 2012a,
2013).

FLOW FIELD AND DATA PROCESSING METHOD

Flow Field
The elliptical fiber is placed in the center of a square compu-

tational domain. Assume that a, b, and θ respectively represent
the length of major axes, minor axes, and orientation angle (the
angle between major axes and streamwise). The aspect ratio ε

equals to a:b and characteristic length df is defined as (ab)1/2.
The grid resolution is 256 × 256. The grid independence has
been tested for circular fiber (ε = 1) under the same condition
of this work. Three different grid resolutions (128 × 128, 256 ×
256, and 512 × 512) were considered and then it is found that
the 256 × 256 is sufficient to obtain accurate results.

Once the steady-state flow field is achieved, particles are
injected from the left of the computational domain. During the
filtration process, particles will be captured once it collides with
fibers. The collected particles will “disappear” in the steady-
state filtration processes, so the shape of fiber does not change
and the fiber keeps “clean.” Fiber capture efficiency can be
calculated as follows:

η = G1 − G2

G1
× 100%, [14]

where G1 is the total number of solid particles entering the com-
putational domain from the left inlet (monodisperse particles are
considered in this article); G2 is the total number of particles
leaving the computational domain from the right outlet.

The inlet velocity of fluid is constant, u(y) = u0, and it is
considered that the initial velocity of particles in the inlet is the
same as the fluid velocity. The upper and lower boundaries are
considered to be periodic, that is, a fluid particle or a solid par-
ticle moving out the domain from the upper or lower boundary
will enter into the domain from the opposite boundary at once.
In this situation, the assumption of uniform inlet velocity profile
is reasonable. On the other hand, although the particle velocity
is different from the fluid velocity especially for the large-inertia
particles, the assumption of the inlet particle velocity same as
the fluid velocity has negligible effect on the simulation results
because there is still an enough long distance for gas–solid flow
to evolve before the particle is collected by the fiber. In the out-
let, the flow field is regarded as fully developed, that is, ∂u/∂x =
∂v/∂x = 0. Nonequilibrium extrapolation scheme is used here to
deal with inlet and outlet boundary conditions (Guo et al. 2002).

Levenberg–Marquardt Algorithm
In order to obtain a series of correction factors for the

pressure drop and capture efficiency of the elliptical fiber
based on the existing formulas of circular fiber, we utilize
the Levenberg–Marquardt algorithm to fit some well-organized
LB-CA simulations for quantitative prediction of the filtration
performance of elliptical fiber. The Levenberg–Marquardt al-
gorithm (LMA; More 1978) provides a numerical solution to
minimize a nonlinear function (local minimum). This algorithm,
which modifies the uncertain parameters of the function continu-
ously, combines the advantages of the Gauss–Newton algorithm
and the gradient descent method, and overcomes the shortcom-
ings of the two methods. With respect to the Gauss–Newton
method, it has the advantages that it is relatively efficient due to
the determined direction and step size, and second derivatives
are not required. However, it is difficult to convergence if initial
estimates are far from the minimum. The two main advantages
of the gradient descent method lie in the fact that it is guaranteed
to find the minimum through numerous times of iterations as
long as it exists and the very low storage requirements neces-
sary. The disadvantages of the gradient descent method are that
it tends to zigzag along the bottom of long narrow canyons and
approaches the best-fit value very slowly.

The principle of LMA is: if f is a nonlinear mapping from
Rm to Rn, xi ∈ Rm and yi ∈ Rn, then f (xi, γ ) = yi, where
γ i is the uncertain coefficient. The purpose of the LMA is to
find γ i to minimize

∑
[yi − f (xi, γ )]2. Like other numerical

minimization algorithms, the LMA is executed in an iterative
procedure. To start a minimization, one obtains the following
approximate equation through Taylor expansion of f (x+δx):

f (xi, γ + δ) ≈ f (xi, γ ) + Jδ, [15]

where J = ∂f (xi, γ )/∂γ . In each iteration step, it is assumed
that iterative point is γ , then one needs to find a δ to minimize
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PARTICULATE REMOVAL PROCESSES BY ELLIPTICAL FIBERS 211

FIG. 2. Pressure drop ratio of elliptical to circular fiber vs. packing density.

the error of the following equation:

|y − f (γ + δ)| ≈ |y − f (γ ) − Jδ| = |σ − Jδ| , [16]

where σ = y − f (γ ). According to the projection formula, the
minimum error is attained when the following requirement is
met:

[
λI + (

JTJ
)]

δ = JT [y − f (γ )] . [17]

Once the value of δ is obtained, γ is updated as γ+δ. The new
value of γ is regarded as the initial value of the next iteration
step. The iteration process is terminated when one of the follow-
ing conditions is reached: the change of σ or δ is smaller than
the prespecified value; the iteration number exceeds the limited
value.

It is imagined that the pressure drop and capture efficiency
of elliptical fibers depend on the following parameters: packing
density α (the ratio of the cross-sectional area of the elliptical
fiber to the area of calculation domain), aspect ratio ε, orientation
angle θ , and the ratio of particle diameter and the fiber diameter
dp/df. In this article, the LMA is used to obtain several correction
factors based on the existing classical formulas of the pressure
drop and capture efficiency for circular fiber. In such a way, the
existing formulas for circular fiber can be applied in the filtration
prediction of elliptical fibers by considering the influence of α,
ε, θ , and dp/df.

PRESSURE DROP

The Effect of Fiber Packing Density on Pressure Drop
In order to investigate the relation between pressure drop

and the three parameters (packing density, aspect ratio, and
orientation angle), we first analyze the effect of the packing
density on the pressure drop. As shown in Figure 2, the pressure

drop ratio of an elliptical fiber (where aspect ratio and orientation
angle are fixed) to circular fiber is almost independent of the
packing density (5%–15%). It is noted that, in our simulation,
the number of lattices is insufficient to describe accurately the
shape of the elliptical fiber when α is too small. On the other
hand, a large α may lead to the border of ellipse goes beyond
the boundaries of the computational domain. So such range
of packing density is selected in the article. The independence
of packing density on the pressure drop ratio means that the
correction factor of the pressure drop depends only on the aspect
ratio and orientation angle. In other words, we can first fix the
packing density to investigate the pressure drop as a function of
ε and θ , and the resultant correction factor is suitable for other
conditions of different packing densities.

Pressure Drop of Elliptical Fiber
Pressure drop of fiber filter is often characterized by dimen-

sionless drag force acting on per unit length of fiber. Kuwabara
(1959) gained the analytical expression of dimensionless drag
force F0 for circular fiber:

F0 = 4π
[−0.5 ln α − 0.75 − 0.25α2 + α

]−1
. [18]

For the circular fiber, the drag force mainly depends on the fiber
packing density. However, for elliptic fibers, the drag force is
more complex. Even for the cases that the packing density is
same, different aspect ratio or orientation angle leads to differ-
ent drag forces of elliptical fiber. Aspect ratio and orientation
angle determine the friction surface area and windward area
of the fiber, respectively. In this section, a correction factor
CE,F(=FE/F0) is obtained through fitting numerical simulation
of the LB-CA model using the LMA, and it can be used to
calculate the drag force on the elliptical fibers with different as-
pect ratio or orientation angle based on the existing expression
(Equation (18)) for the circular fiber: FE = CE,F·F0.

Figure 3 shows the dimensionless drag force on elliptical
fibers with the same packing density (=4.95% here). It is found
from Figure 3a that, (1) when θ = 0 (i.e., the long axial is paral-
lel to the incoming flow), the dimensionless drag force becomes
smaller at first and then gradually increases as ε increases. The
observation coincides with the CFD simulation results of Wang
and Pui (2009); (2) when θ > 0 (i.e., θ = π /6, π /3, π /2 in Figure
3a), the dimensionless drag force increases with the increase of
ε. In fact, the dimensionless drag force is determined simulta-
neously by the windward area and the friction area, which both
depend on θ and ε. When θ = 0 and ε is small, the windward
area has greater impact on FE than the friction area. With the
increase of ε, the windward area becomes smaller (on the con-
trary, the friction area becomes larger), therefore FE reduces
gradually. However, when ε increases to a certain extent, the
friction area is predominant and then FE increases. When θ =
0 and ε = 2.5, the balance between the windward area and the
friction area results in the minimum FE. Figure 3b shows that,
for a given ε, FE increases with the increase of θ obviously.
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212 H. WANG ET AL.

FIG. 3. The correction factor CE,F of dimensionless drag force between elliptical and circular fibers ((a): vs. ε; (b): vs. θ )v.

This is because the orientation angle θ directly determines the
windward area when the cross-sectional shape of the elliptical
fiber is given for a given ε; the larger θ is, the larger the wind-
ward area is, and the larger FE is. From Figure 3, it is found
that the correction factor of the dimensionless drag force FE can
be approximately expressed by a quadratic polynomial of ε if θ

is fixed: CE,F = B1·ε2 + B2·ε + B3. If ε is fixed, the relation-
ship between CE,F and sinθ is roughly exponentially formulated:
CE,F = A1·exp(−sinθ /A2)+A3. With a comprehensive consider-
ation on the effects of θ and ε, we assume that the correction
factor of the pressure drop for the elliptical fiber is formulated
by CE,F = A1·exp(−sinθ /A2)+A3, where the parameters A1, A2,
A3 are regarded as the quadratic polynomial of ε:

CE,F = FE/F0 = (
β1 · ε2 + β2 · ε + β3

) · exp
(−sinθ/(β4 · ε2

+β5 · ε + β6)
) + β7 · ε2 + β8 · ε + β9. [19]

Based on the simulation results of the LB-CA model under dif-
ferent conditions (Figure 3), each coefficient is estimated by the
LMA. The best parameter set is gained from the minimization
as follows: β1 = −1.115 × 10−3, β2 = 9.081 × 10−3, β3 =
−7.828 × 10−4, β4 = 2.536 × 10−3, β5 = −4.170 × 10−3,
β6 = −2.305 × 10−1, β7 = 1.315 × 10−2, β8 = −8.635 ×

10−2, and β9 = 1.051. It is seen that CE,F is approximately equal
to 1 for different θ when ε = 1.

We further compare the predictions of Equation (19) with the
results of Kirsh (2011), as concluded in Table 1. The relative
error between CE,F and result of Kirsh is less than 10%. The
good agreement between them proves that the correction factor
formulated by Equation (19) is accurate enough to calculate the
dimensionless drag force on elliptical fibers in a simple way.

CAPTURE EFFICIENCY
Three kinds of particles are chosen to represent three cap-

ture mechanisms respectively and their trajectories are shown
in Figure 4. The motion of submicron particles is dominated
by random Brownian diffusion. Particle trajectory is relatively
disordered and particles could move to any position of the fiber
surface (Figure 4a). When interception capture mechanism is
predominant, the trajectories of particles in the flow field almost
follow the streamline (Figure 4b). The large particles with great
inertia often deviate from streamline during their motion process
and collide with the windward side of fibers then get captured
(Figure 4c). In interception and inertial impaction mechanisms,
the Brownian force is assumed to be 0, leading to Pe = ∞. In
addition, the particle velocity is equal to local fluid velocity and
St is set to be 0 when the interception mechanism is dominated,

TABLE 1
Comparison of CE,F and results of Kirsh (α = 25.5%)

Aspect ratio, ε Orientation angle, θ CE,F Kirsh (2011) Relative error

2 0 0.937 0.854 9.72%
2 π /6 0.984 0.973 1.13%
2 π /3 1.190 1.259 5.48%
2 π /2 1.397 1.427 2.10%
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PARTICULATE REMOVAL PROCESSES BY ELLIPTICAL FIBERS 213

FIG. 4. Particle trajectories in different mechanisms: (a) diffusion; (b) interception; (c) inertial impaction; ε = 4, θ = π /3.

which excludes the effects of diffusion and inertial impaction
mechanisms. The capture efficiency of these particles for single
circular fiber due to different capture mechanisms shows that the
three kinds of particles are reasonable to represent three capture
mechanisms.

The Effect of Fiber Packing Density on Capture Efficiency
Similar to the pressure drop discussed in the former section,

the effect of packing density on the capture efficiency is ana-
lyzed first (Figure 5). It is also found that the ratio of capture
efficiency for elliptical fibers to that of circular fiber almost re-
mains unchanged as the packing density changes if the aspect
ratio and orientation angle are fixed.

Diffusional Capture Efficiency
The effect of orientation angle θ on diffusional capture effi-

ciency is investigated first. It is found that the diffusional capture
efficiency of elliptical fibers ηE,D is almost determined by ε and
independent of θ . For example, ηE,D approximately equals to

FIG. 5. Capture efficiency ratio of elliptical to circular fiber vs. packing
density.

9% for arbitrary θ when ε = 1.6 and Pe = 235. Then, the
diffusional capture efficiencies with different ε are shown in
Figure 6. It is clear that the capture area of the elliptical fiber
enlarges as ε increases, which finally leads to the increase of the
diffusional capture efficiency; furthermore, it is found that the
diffusional capture efficiency scales nearly linearly as ε. At this
point, we assume that the correction factor, CE,D = ηE,D/η0,D,
is proportional to ε, where the diffusional capture efficiency of
circular fiber (η0,D) used here is from the classical expression of
Stechkina and Fuchs (1966):

η0,D = 2.9Ku−1/3Pe−2/3 + 0.62Pe−1,

Ku = −0.5 ln α − 0.75 + α − 0.25α2. [20]

Through simple linear fitting, the expression of CE,D is obtained
as follows:

CE,D = 0.06592ε + 0.95243. [21]

FIG. 6. Diffusional capture efficiency ratio (ηE,D/η0,D).
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TABLE 2
Diffusional capture efficiency with different ε (ηE,D/η0,D), where ηRaynor,D is the prediction of Regan and Raynor (2009)

Pe ε LB-CA CE,D ηRaynor,D/η0,D Relative error

235 1.6 1.071 1.058 1.024 3.32%
235 4 1.221 1.216 1.167 4.20%
235 6 1.336 1.348 1.286 4.82%
700 1.6 1.054 1.058 1.025 3.22%
700 4 1.237 1.216 1.175 3.49%
700 6 1.344 1.348 1.300 3.69%

Obviously, CE,D is independent to θ and approximately equal to
1 when ε = 1.

Table 2 presents the comparison between simulation results
from the LB-CA and empirical prediction by Equation (21),
showing that they fit very well and the correlation coefficient
reaches 0.995. Regan and Raynor (2009) also developed a semi-
empirical expression for the diffusional capture efficiency of
single elliptical fiber. However, their formula, which has 12 em-
pirical parameters, is much more complicated than Equation
(21). Table 2 also demonstrates that there is only a little differ-
ence between Equation (21) and Regan & Raynor formula. The
relative error is defined as: (CE,D-ηRaynor,D/η0,D)/(ηRaynor,D/η0,D).
It is considered that the correction factor CE,D can accurately
account for the change of diffusional capture efficiency caused
by the elliptical fiber shape.

Interception Capture Efficiency
With the increase of particle size, the Brownian diffusion

ability of particle gradually weakens, and then interception ef-
fect gradually becomes dominant. Obviously, when interception
mechanism dominates the filtration, the effects of R (=dp/df =
dp/(ab)1/2) as well ε and θ on capture efficiency should be taken
into account. Figure 7 presents the ratio of interception capture
efficiency (CE,R = ηE,R/η0,R) between the elliptical fiber and the
circular fiber with the same packing density while different ε,
θ , and R. The analytical expression of the interception capture
efficiency for circular fiber (η0,R) used here is from Lee and Liu
(1982):

η0,R = 1 + R

2Ku

[
2 ln(1 + R) − 1 + α +

(
1

1 + R

)2 (
1 − α

2

)

− α

2
(1 + R)2

]
, [22]

where Ku = −0.5lnα−0.75 + α − 0.25α2. From Figure 7 it is
found that R has only slight influence on the correction factor
of interception capture efficiency, which is because the formula
(Equation (22)) has adequately considered the influence of R
on the interception capture efficiency. Therefore, we only need
to consider the effect of ε and θ on the correction factor of the
interception efficiency.

It is found that the relationship between CE,R and sinθ

is roughly exponential from Figure 7, that is, CE,R =
A1×exp(−sinθ /A2)+A3, when ε is fixed. However, when θ is
fixed, the drag force can be formulated by the quadratic polyno-
mial of ε as follows: B1·ε2 + B2·ε + B3. Representing A1, A2,
and A3 as the quadratic polynomial of ε, we obtain

CE,F = (
β1 · ε2 + β2 · ε + β3

) · exp(−sinθ

/(β4 · ε2 + β5 · ε + β6)) + β7 · ε2 + β8 · ε + β9. [23]

Using the LMA to fit these LB-CA simulation results, the best
parameter set is obtained as follows: β1 = 1.324 × 10−3, β2 =
1.269 × 10−2, β3 = −1.533 × 10−2, β4 = −5.573 × 10−3,
β5 = 6.856 × 10−2, β6 = 1.914 × 10−1, β7 = 1.055 × 10−1,
β8 = −6.133 × 10−1, and β9 = 1.570. Table 3 demonstrates
the comparison between simulation results from the LB-CA
and Equation (23), and the relative errors are constrained within
8%. The results predicted by the model (Raynor 2008) are also
presented in Table 3. In the semi-empirical model of Raynor,
the interception capture efficiency is attained by dividing the
distance between the centerline and limiting streamline by the
radius ((ab)1/2/2) of a circular fiber. Actually, the windward area

FIG. 7. Interception capture efficiency ratio (ηE,R/η0,R).
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TABLE 3
Interception capture efficiency (ηE,R/η0,R), where ηRaynor,E is the prediction of Raynor (2008)

ε θ LB-CA CE,R ηRaynor,E/η0,R

1.6 0 0.939 0.867 0.639
1.6 π /6 0.961 0.907 0.881
1.6 π /3 1.043 1.030 1.084
1.6 π /2 1.175 1.132 1.181
4 0 0.815 0.861 0.358
4 π /6 1.025 1.018 0.921
4 π /3 1.358 1.370 1.391
4 π /2 1.633 1.612 1.654

depends on the length of minor axes when θ = 0 and the length
of major axes when θ = π /2. Obviously, b < (ab)1/2 < a and the
gap between the three values increases with ε. That is why, the
LB-CA results are higher than these of Raynor estimation when
θ = 0, while lower when θ = π /2.

Inertial Impaction Capture Efficiency
Based on the LB-CA simulation, we find that ε, θ , and R

have the synergetic effects on the impaction efficiency. Figure 8
demonstrates the changes of impaction efficiency as a function

of ε, θ , and R, where the expression of η0,I for circular fiber is
from Brown (1993)

η0,I = St · [
(29.6 − 28α0.62)R2 − 27.5R2.8

]
2Ku2

. [24]

From Figure 8, it is found that (1) the impaction capture
efficiency of elliptical fiber, ηE,I, increases as θ ; (2) the growth
rate of ηE,I depends on R. The bigger R is, the faster the efficiency

TABLE 4
Inertial impaction capture efficiency (ηE,I/η0,I)

ε θ R = dp/df LB-CA CE,I Relative error

1.6 0 0.09375 0.943 0.923 −2.00%
1.6 0 0.125 0.905 0.864 −4.40%
1.6 0 0.15625 0.853 0.789 −7.26%
1.6 π /6 0.09375 0.966 0.975 1.03%
1.6 π /6 0.125 0.966 0.964 −0.15%
1.6 π /6 0.15625 0.941 0.959 2.00%
1.6 π /3 0.09375 1.019 1.032 1.31%
1.6 π /3 0.125 1.053 1.076 2.21%
1.6 π /3 0.15625 1.089 1.159 6.45%
1.6 π /2 0.09375 1.132 1.066 −5.74%
1.6 π /2 0.125 1.178 1.147 −2.64%
1.6 π /2 0.15625 1.208 1.290 6.83%
4 0 0.09375 0.845 0.878 3.81%
4 0 0.125 0.684 0.729 6.71%
4 0 0.15625 0.545 0.541 −0.10%
4 π /6 0.09375 1.057 1.007 −4.75%
4 π /6 0.125 1.013 0.979 −3.42%
4 π /6 0.15625 0.941 0.966 2.71%
4 π /3 0.09375 1.132 1.147 1.39%
4 π /3 0.125 1.291 1.258 −2.60%
4 π /3 0.15625 1.485 1.465 −1.35%
4 π /2 0.09375 1.208 1.234 2.20%
4 π /2 0.125 1.392 1.434 3.02%
4 π /2 0.15625 1.842 1.793 −2.65%
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216 H. WANG ET AL.

FIG. 8. Inertial impaction capture efficiency ratio (ηE,I/η0,I).

increases; (3) ε and θ determine together the windward area
of the elliptical fiber, which has a significant influence on the
impaction efficiency. ηE,I/η0,I < 1 when θ < 30◦, ηE,I/η0,I≈1
when θ = 30◦; while ηE,I/η0,I 1 when θ 30◦; (4) the inertial
impaction capture efficiency of the elliptical fiber may be lower
than that of the circular fiber when the elliptical cross section
is slimmer (with larger ε) and the major axis is closer to the
incoming flow. However, whatever ε is, ηE,I is usually larger than
ηE,0 when θ is larger than 30◦; (5) the effect of the interception
parameter on CE,I when ε = 1.6 is less than the cases when
ε = 4. It is attributed to the shape effect. A larger ε means a
slimmer elliptical fiber and then a larger friction surface area
and windward area of the fiber, which has greater impact on the
inertial impaction collection efficiency.

Similarly, we use the LMA to explore the expression of
CE,I(=ηE,I/η0,I), which is finally obtained as follows:

CE,I = (β1 · R2 + β2 · R + β3 + exp((β4 · R2 + β5 · R + β6)

× sin(β7 · θ + β8))) · ε + β9. [25]

In the expression, β1 = 3.105; β2 = −7.918 × 10−1; β3 =
−9.364 × 10−1; β4 = −14.065; β5 = 1.433; β6 = −6.453 ×
10−1; β7 = 1.306; β8 = −3.896; β9 = 9.554 × 10−1. Table 4
demonstrates the fitting results and the simulation results, be-
tween which the relative errors are very small (<8%). Factually,
the correlation coefficient is 0.988. It is noted that there is no an-
alytical solution for the impaction capture efficiency of elliptical
fiber up to now.

PERFORMANCE OF ELLIPTICAL FIBERS WHEN
DIFFERENT CAPTURE MECHANISMS ARE
PREDOMINANT

A good filter should exhibit high capture efficiency and low-
pressure drop. The quality factor (or the figure of merit) is

FIG. 9. Quality factor of elliptical fiber with different ε and θ when (a) Brow-
nian diffusion, (b) interception, and (c) inertial impaction are dominated.

D
ow

nl
oa

de
d 

by
 [

H
ua

zh
on

g 
U

ni
ve

rs
ity

 o
f 

Sc
ie

nc
e 

&
 T

ec
hn

ol
og

y 
] 

at
 0

4:
40

 1
6 

M
ay

 2
01

4 



PARTICULATE REMOVAL PROCESSES BY ELLIPTICAL FIBERS 217

usually used to measure the performance of fibrous filters, which
is defined as –ln(P)/�p, could be derived according to Wang and
Pui (2009):

QF = η

(1 − α) · (2F/Re) · (ρu2/2)
, [26]

where P is the penetration, Re (=(ab)1/2u0/ν) is the Reynolds
number, and η is the single-fiber capture efficiency.

Figure 9 presents the performances of elliptical fiber with
various ε and θ due to different capture mechanisms. It demon-
strates that ε and θ obviously affect the quality factor of elliptical
fiber in different operation conditions. Obviously, pressure drop
increases faster than capture efficiency in the case of large ε

and θ , leading to a fall in the quality factor. For small par-
ticles where Brownian diffusion is predominant, the elliptical
fiber performs better when ε is larger and θ = 0 (Figure 9a).
When collecting intermediate particles dominated only by in-
terception mechanism, the quality factor increases almost with
ε. However, a larger ε would lead to a higher pressure drop,
which has a deleterious effect on the quality factor. Figure 9b
shows that it is better to restrain θ within (0, 0.15π ) when ε is
larger to keep higher quality factor. When the elliptical fiber is
used to capture large particles where inertial impaction is the
predominant mechanism, its capture efficiency is very sensitive
to the windward area. For a fixed ε, the windward area is only
determined by θ and gets its maximum when θ = π /2. Although
the filter has the highest capture efficiency when the major axis
is perpendicular to the direction of inlet flow, the pressure drop
also gets its maximum at this point. The competition relation
contributes to a relatively lower quality factor especially for a
larger ε. Figure 9c shows that the elliptical fiber usually per-
forms worse than the circular fiber (ε = 1) for the filtration large
particles.

CONCLUSION
This article used the LB-CA model to simulate the filtration

process of elliptical fibers. We calculated the pressure drop of
the system with different fiber orientation angles and aspect
ratios and capture efficiency due to various capture mecha-
nisms, then compared them with these of the circular fibers.
The results showed that the elliptical fiber has higher capture
efficiency for these Brownian-diffusion-dominated small par-
ticles because the elliptical fiber has larger capture area than
the circular fiber. Moreover, the diffusional capture efficiency is
almost proportional to the aspect ratio, while it is independent
of the orientation angle of fiber. When interception or inertial
impaction mechanism is dominant, the most important influenc-
ing factor to capture efficiency is the windward area determined
by ε and θ . The impaction capture efficiency of larger particles
also depends on R, that is, the larger R is, the faster capture
efficiency increases. The collection efficiency of interception-
or impaction-dominated particles by elliptical fiber is almost
higher than that by circular fiber when θ > 30◦, while the cap-

ture efficiency of elliptical fiber is lower when the major axis is
more parallel to the incoming flow.

In this article, the Levenberg–Marquardt algorithm was in-
troduced to obtain a series of correction factors for the pressure
drop and capture efficiency of the elliptical fiber based on the
existing formulas of circular fiber. It is found that the correc-
tion factors for the pressure drop and capture efficiency are
nearly independent of the packing density. These fitted correc-
tion factors have more concise expressions than some available
semi-empirical models, and they exhibit reasonable predictions
and could be applied in engineering. This article provides for
the first time an available expression for the impaction capture
efficiency of elliptical fiber. Also, from these correction factors,
a clear relationship between the filtration performance of ellip-
tical fiber and that of circular fiber is presented. It is also noted
that the Levenberg–Marquardt algorithm, which is utilized to fit
some well-organized LB-CA simulations for quantitative pre-
diction of the filtration performance of elliptical fiber, provides
references for the simulation and modeling of the filtration pro-
cesses of other noncircular fibers (i.e., rectangular and square
fibers) and dust-loaded fibers.

Based on these empirical models for pressure drop and cap-
ture efficiency, the quality factor as a function of aspect ratio
and located angle were investigated. It is found that the ellipti-
cal fiber with an orientation angle of 0 is better when capturing
small particles; when interception mechanism dominates, it is
better to restrain the orientation angle between 0 and 0.15π ;
when capturing particles with large inertia, the elliptical fiber is
not at advantage of the quality factor over the circular fiber. The
observations are capable of optimizing fiber arrangement under
different working conditions.

NOMENCLATURE
α packing density of fibers
β parameters in correction factor
ε aspect ratio
θ orientation angle
Re Reynolds number
Ku Kuwabara number
Pe Peclet number
St Stokes number
�P pressure drop of fibrous filter
F0 dimensionless drag force in per unit length of circular

fiber
FE dimensionless drag force in per unit length of elliptical

fiber
ηE,D diffusional capture efficiency of elliptical fiber
η0,D diffusional capture efficiency of circular fiber
ηE,R interception capture efficiency of elliptical fiber
η0,R interception capture efficiency of circular fiber
ηE,I inertial impaction capture efficiency of elliptical fiber
η0,I inertial impaction capture efficiency of circular fiber
CE,F correction factor for pressure drop of elliptical fiber
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CE,D correction factor for diffusional capture efficiency of el-
liptical fiber

CE,R correction factor for interception capture efficiency of
elliptical fiber

CE,I correction factor for inertial impaction capture efficiency
of elliptical fiber
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